A statistical model for the return signal in a coherent lidar is derived from the fundamental principles of atmospheric scattering and turbulent propagation. The model results in a three-parameter probability distribution for the coherent signal-to-noise ratio in the presence of atmospheric turbulence and affected by target speckle. We consider the effects of amplitude and phase fluctuations, in addition to local oscillator shot noise, for both passive receivers and those employing active modal compensation of wavefront phase distortion. We obtain exact expressions for statistical moments for lidar fading and evaluate the impact of various parameters, including the ratio of receiver aperture diameter to the wavefront coherence diameter, the speckle effective area, and the number of modes compensated.
Introduction
During the past few decades, coherent lidar has established itself as a unique instrument in atmospheric remote sensing and its application area has broadened considerably (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] ) along with the technologies contributing to it [11] . Coherent lidars are currently employed in a large variety of atmospheric applications in fields as diverse as laser vibrometry and target identification [1, 2] , meteorological observation and atmospheric wind determination [3, 4] , aerosol and atmospheric constituent concentration measurements [5] [6] [7] , and tracking and control of pollutants atmospheric fluxes [8] [9] [10] .
Many coherent lidar applications impose stringent power constraints while requiring high levels of sensitivity and accuracy. Therefore, to optimize the lidar system parameters and ensure full utilization of limited resources, it is of paramount importance to have a clear understanding of all the possible sources of external disturbances, i.e., target speckle and atmospheric refractive turbulence, affecting lidar measurements. It is, then, natural that a problem of continuing interest among researchers studying coherent lidar concerns the definition of a model for the physical mechanisms involved in the lidar problem and the statistical form of the lidar signal fluctuations (see, e.g., [12] [13] [14] [15] [16] [17] [18] ).
Evaluating the performance of a heterodyne or homodyne lidar receiver in the presence of atmospheric turbulence and target speckle is generally difficult because of the complex ways turbulence and speckle affect the coherence of the received signal that is to be mixed with the local oscillator. The downconverted heterodyne or homodyne power is maximized when the spatial field of the received signal matches that of the local oscillator [12] . Any mismatch of the amplitudes and phases of the two fields will result in a loss in downconverted power, i.e., fading. Here we study, in a unified framework, the effects of both wavefront distortion and amplitude scintillation, in addition to local oscillator shot noise, for both passive receivers and those employing active modal compensation of wavefront phase distortion. Adaptive compensation of atmospheric wavefront phase distortion to improve the performance of atmospheric systems has been an important field of study for many years. In particular, the modal compensation method involves correction of several modes of an expansion of the total phase distortion in a set of basis functions.
In lidar systems, signal fluctuations could result from physical mechanisms other than target speckle, primarily refractive turbulence, so these mechanisms must also be the focus of this analysis. In general, fluctuations induced by turbulence are not as intense as those due to speckle in optical remote sensing systems but, although their normalized variance is smaller, they still need to be considered to properly describe the performance of any practical coherent lidar. Much work has been published on coherent lidar theory. Early analytical work [12] [13] [14] [15] [16] [17] on the problem concentrated on the reduction of heterodyne system efficiency caused by beam distortion under limited conditions that provide a reliable basis for preliminary assessment of lidar performance. These mostly heuristic analyses statistically quantified turbulence-induced fading through its mean and variance, although they alone are not adequate to fully characterize system performance. Later analyses used in heterodyne lidar [18] attempted to overcome these limitations and fully characterize the statistics of heterodyne optical systems by defining theoretical expressions based on the path-integrated technique (see, e.g., [19] ), one of the theoretical asymptotic methods for estimating the higher moments of the fields propagated through random media. This technique predicts the leading-order effects of refractive turbulence with minimal approximations, providing a framework valid for any typical path-integrated atmospheric refractive turbulence. However, theoretical calculation of beam propagation and the higher moments of the field is still difficult and, consequently, no simple analytical solutions are known beyond those obtained for simplified beam configurations and unrealistic atmospheric characterization. More recently, full-wave simulation of beam propagation has been used to examine the uncertainty inherent to the process of lidar heterodyne optical power measurement because of the presence of refractive turbulence for both passive receivers [20] and those using modal compensation of wavefront phase distortion [21] . With the two-beam model, the lidar return is expressed in terms of the overlap integral of the transmitter and virtual (backpropagated) local oscillator beams at the target, reducing the problem to one of computing irradiance along the two propagation paths. Although the simulation of beam propagation permits the full statistical examination of the signal degradation in a heterodyne receiver caused by refractive turbulence under general atmospheric conditions and at arbitrary transmitter and receiver configurations, the technique is computationally demanding.
In this work, our formulation circumvents the need for a detailed description of the compound speckle and turbulence problem. Such a specification is difficult because of the inherent complexity of the propagation, as well as the random distribution of the atmospheric scatters. Instead, our phenomenological model first replaces the turbulence-distorted wavefront by an equivalent speckle representation of randomly dispersed coherent contributions. It then compounds the resulting turbulence fading statistics with target speckle statistics. The generalized K distribution proposed in this study to describe fading return signals in heterodyne lidar receivers was derived under the assumption that the average coherent signal is a random variable driven by atmospheric turbulence. In this situation, the mean of the target speckle signal is smeared by turbulence speckle fluctuations, and we need to define multiply stochastic (compound) statistics to describe the return signals in a coherent lidar.
In Section 2, after discussing the general properties of speckle and turbulence statistics, we proceed to develop the double stochastic representation of the coherent lidar return signals leading to the generalized K distribution. In Section 3, we calculate and present the performance for both passive receivers and those employing active modal compensation of wavefront phase distortion. We consider the effects of amplitude and phase fluctuations. The conclusion is provided in Section 4.
Statistical Model for Coherent Fading Return Signals
For a heterodyne receiver, with average power constraint P and noise power spectral density N 0 =2, γ 0 P=N 0 B is the signal-to-noise ratio (SNR) per unit bandwidth B. The SNR γ 0 for a quantum or shot-noise limited signal can be interpreted as the detected number of photons (photocounts) per pulse when 1=B is the pulse period. Coherently detected signals are modeled as narrowband rf signals with additive white Gaussian noise (AWGN). For a heterodyne lidar system, in the presence of target speckle and atmospheric turbulence, we must consider fading signals, which are signals also affected by multiplicative noise. In the fading AWGN channel, we let α 2 denote the atmospheric channel power fading and ðP=N 0 BÞ α 2 ¼ γ 0 α 2 denote the instantaneous received SNR per pulse. For a shot-noise-limited coherent optical receiver, the SNR of the envelope detector can be taken as the number of signal photons detected on the receiver aperture γ 0 multiplied by a heterodyne power mixing efficiency α 2 : In addition to the effective delivery of the signal to the detector, the performance of the optical link also depends on the receiver sensitivity, measured in terms of received photons. For systems with perfect spatial mode matching, the mixing efficiency is equal to 1. When the spatial modes are not properly matched, the contribution to the current signal from different parts of the receiver aperture can interfere destructively and result in reduced instantaneous heterodyne mixing and consequent fading. Note that, conditional on a realization of the atmospheric channel described by α 2 , this is an AWGN channel with instantaneous received SNR γ ¼ γ 0 α 2 . This quantity is a function of the random channel power fading α 2 and is, therefore, random. The statistical properties of the atmospheric random channel fade α, with mean-square value Ω ¼ a 2 and probability density function (PDF) P α ðαÞ, provide a statistical characterization of the SNR γ ¼ γ 0 α 2 . In this study, we define a statistical model for the fading amplitude α (i.e., SNR γ) of the received signal scattered by the atmospheric target after propagation through the atmosphere. When the spatial field of the received signal does not match that of the local oscillator, referred to the receiving aperture and assumed to be uniform there, the random channel fading
depends on amplitude and phase mismatches of the two fields incident on the receiving aperture through the random fluctuations E S ðrÞ of a complex field pattern. E S ðrÞ represents the amplitude fluctuations and phase distortions introduced by atmospheric turbulence and target speckle in the return signal. In general, fading is a complex magnitude α ¼ α r þ jα i , where α r and α i represent integrals over the collecting aperture of the real and imaginary parts, respectively, of the normalized optical field reaching the receiver. These real and imaginary parts can be considered as the components of a complex random phasor. The circular receiving aperture of diameter D is defined by the aperture function WðrÞ, which equals unity for jrj ≤ D=2, and equals zero for jrj > D=2. Note that α has been normalized to be unity when there is a perfect match between both the received signal and the local oscillator, i.e., E S ðrÞ ¼ 1 for all r. An explicit expression for the mean-square value Ω ¼ a 2 ,
can be found by writing the two integrals as a double integral and bringing the averaging operator inside the double integral:
By changing the variables of integration from r, r 0 to ρ ¼ r − r 0 and R ¼ ðr þ r 0 Þ=2, and recognizing μðρÞ ¼ E S ðR þ ρ=2ÞE Ã S ðR − ρ=2Þ as the spatial coherence function describing the average spatial correlation length of field fluctuations, we get
Here, K D ðρÞ is the receiver circular aperture function, i.e., the fractional area of two overlapping circles of diameter D whose centers are displaced a distance ρ:
Note that the single integral in Eq. (4) can be characterized as a coherent effective area A eff of field fluctuations, in which case the value of Ω,
decreases with the ratio of the receiver measurement area to A eff . Note that the fading amplitude meansquare value Ω corresponds to the so-called aperture efficiency, a parameter describing the effective portion of the aperture area πD 2 =4 collecting heterodyne optical power [22] . Thus the inverse 1=Ω can be interpreted as the average number of field coherent areas (spatial modes of the field pattern) influencing the measurement area. Consistent with this interpretation of 1=Ω, the average number of photons detected on the receiver aperture from a single pulse, i.e., the average SNR per pulse γ ¼ γ 0 a 2 ¼ γ 0 Ω, is the effective photocount coherently detected from a single pulse in a correlation area of the field pattern on the aperture plane. The exact number of spatial modes 1=Ω in the field pattern affecting the measurement area depends on the field spatial coherence and the area of integration of the aperture. Exact expressions for Ω can only be found when the correlation function μðρÞ is specified. That being said, in the case of a receiver area that is very large compared with the average correlation length of the field fluctuations, the receiver aperture function K D ðρÞ is much wider than the autocorrelation function μðρÞ, and we can factor out K D ðρ ¼ 0Þ ¼ 1 from the integral in Eq. (4):
where ρ ≤ D. On the other hand, when the field correlation area is much wider than the aperture area, in Eq. (4) we can simplify μðρÞ ¼ 1 and, using the integral of K D equal to the aperture area πD 2 =4, the result is
As we would have expected, in this limit, the number of field coherent areas affecting the measurement area approaches unity.
A. Coherent Detection in Atmospheric Turbulence
The presence of atmospheric turbulence needs to be considered into the statistical description of coherent lidar return signals. Turning attention to fading α, we study how amplitude and phase turbulenceinduced fluctuations of the optical field define the statistics of the fading intensity
. We note that the two random magnitudes α r and α i are expressed in Eq. (1) as integrals over the aperture and, hence, are the sums of contributions from each point in the aperture. In order to proceed with the analysis, we could consider a statistical model in which these continuous integrals are expressed as finite sums over N statistically independent cells in the aperture. Under the assumption that the number of independent coherent regions N is large enough, we can consider that α r and α i asymptotically approach jointly normal random variables. Then, the probability density function of the length fading amplitude α can be well approximated by a Rayleigh distribution.
Just as in a speckle pattern, the Rayleigh distribution for the turbulence amplitude fading length is a consequence of the central-limit theorem. However, under conditions of weak turbulence in which the number of coherent terms is small, the fading may actually be the result of summing a small number of terms. In this case, the fading α is not likely to be Rayleigh. Rather than assuming that α is always Rayleigh distributed for all conditions of turbulence, it is more realistic to assume that α satisfied a generalized Rayleigh distribution that becomes Rayleigh only in the limit as the number of coherent terms N becomes large. Such a distribution is the Nakagami-m distribution [23] , which in essence is a central chi-square distribution described by
Here, Γ is the complete gamma function. The parameter m characterizes the amount of turbulent fading. When m → 1, the number of contribution coherent areas N is very large and the m distribution reduces to Rayleigh. Note that the Nakagami-m distribution closely approximates the Rice distribution [23] , which we previously used to model the impact of atmospheric turbulence-induced fading on freespace optical communication links using coherent detection [24] . Applying the Jacobian of the transformation α 2 ¼ γ=γ 0 , the corresponding SNR γ distribution can be described according to a gamma distribution given by
When m → 1, the gamma distribution reduces to exponential distribution. The Nakagami-m parameter m and fading parameter N are measures of turbulence effects. Here, N is the inverse of the fading mean-square value
and, according to Eq. (6), it describes the number of field coherent areas affecting the fading measurement. Also, it can be shown that the distribution moments are given by
which yields, by using the average SNR γ
Since α r and α i can be considered jointly normal random variables, it is possible to relate high-order moments with the lower-order moments and replaces the fourth-order moment in Eq. (13) by
Although a Nakagami-m distribution can be reduced to a Rayleigh distribution, the parameter m, by characterizing the amount of fading through the normalized SNR γ variance, gives more control over the extent of the turbulence fading. When m → 1 and the number of contribution coherent areas is large, the normalized variance is one, as expected for Rayleigh distributions. When m grows m → ∞, and a very small number of contribution terms combine, the normalized variance decreases. Here, the density function becomes highly peaked around the mean value γ ¼ γ 0 =N and there is only a small fading to be considered.
To produce a measure of turbulence effects, it would be necessary to develop procedures to estimate m and N. Equivalently, as Eqs. (11) and (14) describe fading parameters m and N in terms of fading first and second moments, we need to establish closed expressions for α and a 2 . In order to assess the impact of turbulence, both log-amplitude and phase fluctuations should be considered. As a consequence, the complex field fluctuation pattern in the pupil plane is expressed as
where χðrÞ and ϕðrÞ represent the log-amplitude fluctuations (scintillation) and phase variations (aberrations), respectively, introduced by atmospheric turbulence. Bringing the averaging operator into Eq. (1), we find the mean fading amplitude
The mean log amplitude can be extracted out of the integral, and assuming independence of χ and ϕ, yields α ¼ 4 πD 2 expð χÞ Z drWðrÞexp½χðrÞ − χexp½−jϕðrÞ:
We note that, because α results from atmospheric turbulence, we can consider phases ϕ that obey homogeneous, isotropic, zero-mean Gaussian statistics. Subject to this assumption, and the expressions for the mean of exponential functions of Gaussian variables, we can write
The phase variance σ 2 ϕ frequently is used to characterize the statistics of phase aberrations caused by atmospheric turbulence in considering a Kolmogorov spectrum of turbulence [25] :
The coefficient 1.0299 in the phase variance σ 2 ϕ assumes that no terms are corrected by a receiver employing active modal phase compensation. In Eq. (19), the receiver aperture diameter D is normalized by the wavefront coherence diameter r 0 , which describes the spatial correlation of phase fluctuations in the receiver plane [12] . If it is also assumed that the log amplitudes χ are normal random variables [26] , we can use energy conservation, and the mean of exponential functions of normal variables, to obtain classical results for the log-amplitude and amplitude means:
The mean of the irradiance β ≡ exp 2ðχ k − χÞ is given by expð2σ (18) and (20) into Eq. (17), and noting that the integral of the aperture function WðrÞ is simply the aperture area πD 2 =4, yields
Equation (4) describes the fading mean-square value a 2 in terms of the field fluctuation coherence function μðρÞ. In atmospheric turbulence, based on the fact that the statistics of phase and log amplitude are homogeneous, isotropic, and Gaussian, we have [12] μðρÞ ¼ expf½χðrÞ þ χðr 0 Þ − j½ϕðrÞ − ϕðr 0 Þg
where ρ ¼ jr − r 0 j. Here, based on the Kolmogorov theory of turbulence, the wave structure function D W ðρÞ describes the statistics of optical field variation in the atmosphere in terms of the coherence diameter r 0 as
By replacing Eqs. (22) and (23) into Eq. (4), we obtain an explicit expression for the fading a
where we note that the integrand is an isotropic function of ρ, so that the angular part of the ρ integration in Eq. (4) can be performed with minimal effort. In the case of a receiver area that is large compared with the average correlation length of the field fluctuations, we can factor out K D ðρ ¼ 0Þ ¼ 1 from the integral and solve it in a closed form to obtain
Here, Γða; xÞ is the lower incomplete gamma function. Physical insight into this result may be obtained by considering the limiting case in which the receiver aperture is much greater than the coherence diameter r 0 , i.e., D ≫ r 0 . In this case, the lower incomplete gamma function in Eq. (25) can be replaced by the gamma function Γð6=5Þ to obtain a 2 ¼ 1:007ðr 0 =DÞ 2 . To a good approximation, being the inverse of the fading mean-square value of the number of field coherent areas affecting the fading measurement N [Eq. (11) ], the aperture can be considered to consist of ðD=r 0 Þ 2 independent cells, each of diameter r 0 .
By using Eqs. (21) and (24) in Eqs. (11) and (14), it is simple to express the proposed Nakagami-m parameters N and m in terms of three well-known magnitudes in atmospheric turbulence studies: the log-amplitude variance σ 
B. Speckle Coherent Detection Statistics
One principal performance limitation encountered by lidar receivers is produced by target speckle processes that appear because the backscattered signal is composed of a multitude of independent phased additive complex components. When only target speckle is considered, Eq. (1) represents the integral of the complex field of a speckle pattern that, by the Central Limit Theorem-the number of random phasors contributing from a rough target to the speckle pattern is large-it is a circular complex Gaussian random process over space. The integral represents a linear transformation of that process and, consequently, must also obey circular complex Gaussian statistics [27] . It follows that the channel fading amplitude α must obey Rayleigh statistics
where the inverse of the fading mean-square value M ¼ 1=Ω represents, consistent with the previous interpretation, the average number of speckles influencing the coherent measurement. Hence, using the average SNR γ ¼ γ 0 Ω ¼ γ 0 =M and the Jacobian of the transformation α 2 ¼ γ=γ 0 , the instantaneous SNR per pulse γ is distributed according to an exponential distribution given by
In a more general case of speckle, where the return signal is defined not by a single speckle pattern but rather by the sum of n independent speckle patterns generated when n identical laser shots are averaged, the exponential distribution in Eq. (27) becomes a gamma density function of order n [27]:
The parameter M ¼ 1=Ω determines the statistics of the speckled SNR γ and, consequently, we need to consider it closely. The number of spatial speckle modes M depends on the correlation function of speckle μ S and the receiving aperture function K D . In the case of a Gaussian-shaped field pattern on the scattering target, and by virtue of the van Cittert-Zernike theorem described by the Fourier integral in the spatial coherence function μ S that propagates from the spatially incoherent target plane ν, we get
After solving the Fourier integral, the result is
Here, ρ S is defined as the speckle coherence radius describing the spatial size of the field correlated areas
where k ¼ 2π=λ is the free-space wavenumber and z is the distance to the target. W T is a measure of the transmitted laser beam width at the target plane. In atmospheric propagation, where the presence of refractive turbulence must be taken into account, the intensity 1=e 2 radius W T ðzÞ for an initially collimated beam can be approximated well as [28] 
The first term in Eq. (32) is the free-space beam intensity radius, W 0 is the initial 1=e 2 intensity radius, and z 0 ¼ kW 2 0 =2 is the Rayleigh range of the beam. The term 4z=kr 0 in Eq. (32) describes the additional beam spreading introduced by turbulence. The wavefront coherence diameter r 0 describes turbulence for the path where the point source is located at the scattering target plane and evaluated at the lidar location (27) . It is important to note that the expressions for μ S ðρÞ given by Eqs. (29) and (31) only consider atmospheric turbulence on the one-way path from the lidar to the target scattering region of interest. Because, in lidar applications, we are concerned with a round-trip path, we also need to introduce turbulence effects on the return path from the target plane to the lidar location. If we assume that atmospheric turbulence is statistically independent of the fluctuations associated with the rough target, the field degree of coherence in Eq. (29) must be modified as
Based on the Kolmogorov theory of turbulence, we used Eqs. (22) and (23) to describe the loss of field coherence due to phase and log-amplitude fluctuations in atmospheric turbulence. Equation (33) is equivalent to Eq. (30) by rewriting the exponential arguments in terms of a modified speckle coherent radius. By noting that the argument of the turbulence exponential in Eq. (33) can be approximated as ð2ρ=r 0 Þ 5=3 , and replacing 5=3 by 2 in the exponent, we can obtain a good analytical expression for the speckle coherence radius affected by round-trip turbulence:
Here, the coherence diameter r 0 in the receiver plane refers to the round-trip atmospheric path and is a factor of 4 −3=5 less than the corresponding coherence length for the one-way path used in Eq. (32) [13] . In the limit of weak atmospheric turbulence, the degree of coherence of the backscattered field is not strongly affected by atmospheric turbulence, the term 4=r 2 0 can be excluded, and Eq. (34) becomes the one-way path speckle coherence radius in Eq. (31). Also, in this limit, the turbulence spreading in Eq. (32) can be excluded and the beam radius can be approached by W T ≈ 2z=kW 0 . In this case of weak turbulence, Eq. (31) leads to the result ρ S ≈ ffiffiffi 2 p W 0 . On the other hand, in the limit of strong atmospheric turbulence, the first term in Eq. (34) can be excluded as turbulence dominates the speckle coherence, and we can approach 2ρ S ≈ r 0 .
In the case of a circular aperture, by replacing the speckle correlation function μ S in Eq. (29) into Eq. (4), we obtain an expression for the parameter Ω ¼ 1=M describing the average number of speckle areas in the receiving aperture D:
Here, the speckle coherence diameter ρ S is given by Eq. (34). By assuming a receiving area that is large compared with the speckle diameter 2ρ S , we can factor out K D ðρ ¼ 0Þ ¼ 1 from the integral, to obtain the closed-form expression
Physical insight is obtained by considering the limiting case where D ≫ 2ρ S . To a good approximation, the aperture can be considered to consist of M ¼ ðD=2ρ S Þ 2 independent cells, each of diameter 2ρ S .
C. Detection Statistics in Heterodyne Lidars
Detection of rough targets in a turbulent atmosphere requires that both the fluctuations of the target and the fluctuations of turbulence be taken into account (see Fig. 1 ). For typical atmospheric situations, the time scale of the fluctuations due to turbulence is several orders of magnitude larger than that of speckle-induced fluctuations (milliseconds rather than microseconds). The long time constant of the return signal fluctuation due to turbulence means that these fluctuations are essentially correlated over the short correlation time associated with speckle. Consequently, the mean of the target speckle signal is smeared by turbulence speckle fluctuations. There must be a compounding of the statistics for the signal affected by speckle Rayleigh fading, conditioned on knowledge of the mean value as described by the Nakagami-m distribution characterizing the signal affected by turbulence. Here, the speckle process is driven by the turbulence random process, and the problem must be analyzed by the application of conditional speckle statistics.
We can regard the speckle distribution Eq. (28) to be a conditional density function, conditioned on knowledge of the SNR γ 0 , which we represent here by the variable x:
The unconditional probability density function of the SNR γ is found by averaging the above density function with respect to the statistics of the conditional SNR x:
By assuming that the speckle is driven by turbulence, we indicate that p x ðxÞ) obeys the gamma distribution in Eq. (10):
and, after some simple algebra, the result of the integration in Eq. (37) can be reduced to 
Here, K β is a modified Bessel function of the second kind, order β. This result is a generalization of the well-known K distribution. Equation (40) is the main result of this modeling effort. The model results in a three-parameter probability distribution for the coherent SNR in the presence of atmospheric turbulence and affected by target speckle. These parameters are the average number of speckles influencing the coherent measurement M, the number of turbulent coherent areas in the receiver affecting the fading measurement N, and the amount of fading introduced by atmospheric turbulence in the lidar signal 1=m. These three parameters, along with the number of averaged shots n and the turbulence-free photocount budget γ 0 , completely characterize the statistics of return fading signals in coherent lidars.
Performance Analysis of Coherent Lidars
The most common and well-understood performance measures of a coherent lidar system in the presence of fading are the average SNR γ and the normalized variance σ 2 γ = γ 2 . They describe the inherent statistical uncertainty of the process of heterodyne SNR γ measurement because of the presence of refractive turbulence and speckle. In order to describe these two performance measures, we need to know at least the first statistical moments of the instantaneous SNR γ. As a function of the independent laser shots n averaged at the receiver, with some algebra, the moments about the origin of the atmospheric SNR γ can be calculated from Eq. (40) in terms of the turbulence-free SNR γ 0 (detected photocounts), the fading parameter m characterizing the strength of atmospheric turbulence, and the number of spatial modes M and N that describe target speckle and atmospheric turbulence, respectively,
From here, the mean SNR can be written as
indicating that the strength of the detected signal is determined by the number of photons falling on the turbulence effective area per speckle correlation area. Of special interest is the ratio of the SNR variance to its mean square that describes the uncertainty in the lidar measurement process:
With m being a positive real number, Eq. (43) simplifies to
Note that, because the heterodyne lidar SNR results from compounding two sources of fluctuation (atmospheric turbulence and target speckle), this magnitude could be greater than unity.
A. Noncompensated Passive Receivers Figure 2 shows the effect of atmospheric turbulence and speckle on the performance of Doppler lidars for passive receivers, those nonemploying active modal compensation of wavefront phase distortion. We study the mean SNR γ in Fig. 2(a) and the SNR normalized variance σ 2 γ = γ 2 in Fig. 2(b) as functions of several parameters: the average turbulence-free SNR γ 0 , the receiver aperture diameter D, the number of speckle modes M, and the strength of atmospheric turbulence. Turbulence is quantified by two parameters: the phase coherence length r 0 and the scintillation index σ 2 β . The value of the scintillation index σ 2 β ¼ 1 corresponds to strong scintillation, but still below the saturation regime. When we assume no scintillation, σ 2 β ¼ 0, the effect of turbulence is simply to reduce the coherence length r 0 . For a fixed coherent diameter r 0 , as aperture diameter D is increased, the normalized aperture diameter D=r 0 increases, and turbulence reduces the heterodyne downconversion efficiency.
In Fig. 2(a) , the mean SNR γ ¼ γ 0 =MN is plotted against the normalized aperture diameter D=r 0 for different values of the speckle coherent diameter 2ρ S . The SNR is expressed in decibels, referenced to the smallest aperture considered in the figure. The speckle coherence diameter 2ρ S is expressed in terms of the turbulence coherence diameter r 0 . We also consider the nonspeckle case by plotting γ ¼ γ 0 =N in Fig. 2(a) . The mean SNR depends on the number of spatial modes M and N describing target speckle and atmospheric turbulence, but it is independent of both the amount of turbulence fading m and the number of averaged shots n accumulated. The effects of scintillation on the mean SNR γ are very weak and they have not been considered in Fig. 2(a) . The noturbulence, no-speckle SNR ρ 0 is also presented in Fig. 2(a) . For any aperture diameter, the value of γ 0 is proportional to D 2 . As is expected when speckle is not considered [1] , if D is less than r 0 , the mean SNR γ increases as the square of the diameter. When diameter D is larger than r 0 , atmospheric turbulence limits the effective receiving aperture to the dimensions of the coherence diameter r 0 . This effective aperture defines the maximum possible coherent mean SNR γ. When target speckle is taken into account, the behavior of the mean SNR γ is markedly different. Here, for a fixed coherence diameter r 0 , when the normalized aperture diameter D=r 0 is large, we increase the number of speckle coherent areas M affecting the collected SNR. As a consequence, for large apertures the mean SNR γ goes down very quickly. For instance, when a large normalized aperture D=r 0 ¼ 10 is considered, decreasing the speckle coherence diameter 2ρ S from 5r 0 to 10r 0 penalizes the mean SNR by more than 15 dB.
In Fig. 2(b) , we plot the normalized SNR variance σ 2 γ = γ 2 against the normalized aperture diameter D=r 0 for different values of the number of averaged shots n used to define the lidar signal. Each shot produces γ 0 =n undisturbed photons, so that the total received
2 depends on the number of averaged shots n and the amount of turbulence fading m, but it is independent of the number of spatial modes M and N describing target speckle and atmospheric turbulence, respectively. In the limit of weak turbulence (small normalized aperture diameter D=r 0 , i.e., m → ∞), the normalized variance trends asymptotically to 1=n. For a single shot n ¼ 1, the normalized variance is unity, as expected for the classical negative exponential speckle. However, in the limit of strong turbulence (large normalized aperture diameter D=r 0 , i.e., m → 1), the normalized variance becomes 1 þ 2=n. When n ¼ 1, we reach a maximum value of 3. As we observe in Fig. 2(b) , the effects of scintillation are noticeable for the small aperture diameters and must be properly considered. For relatively small apertures, amplitude scintillation is dominant, and normalized variance is virtually unaffected by wavefront phase distortions. When the aperture is larger, phase distortion becomes dominant and the normalized variance is substantially independent of the scintillation index σ 2 β .
B. Active Modal-Compensated Receivers
Adaptive compensation of atmospheric wavefront phase distortion to improve the performance of atmospheric systems is an important field of study. In particular, modal compensation method involves correction of several modes of an expansion of the total phase distortion in a set of basis functions. We can consider the effects of amplitude and phase fluctuations for receivers employing active modal compensation of wavefront phase distortion. Typically, only phase variations are compensated in adaptive systems, and we need to modify only the two magnitudes used to describe the statistics of wavefront phase fluctuations in atmospheric turbulence, i.e., the phase variance σ 2 ϕ and the wave structure function D W ðρÞ, according to the degree of compensation applied to the receiving system.
In [25] , the statistics of phase aberrations caused by atmospheric turbulence were characterized considering a Kolmogorov spectrum of turbulence. In that analysis, classical results for the phase variance σ 2 ϕ were extended to consider modal compensation of atmospheric phase distortion. In such modal compensation, Zernike polynomials are widely used as basis functions because of their simple analytical expressions and their correspondence to classical aberrations [29] . It is known that the residual phase variance following modal compensation of J Zernike terms is given by
where the aperture diameter D is normalized by the wavefront coherence diameter r 0 , which describes the spatial correlation of phase fluctuations in the receiver plane [12] . In Eq. (45), the coefficient C J depends on J [25] . For example, aberrations up to tip-tilt, astigmatism, and coma correspond to J ¼ 3, 6, and 10, respectively. These aberrations are on the scale of the largest wavefront distortions. Ideally, it is desirable to set J large enough for the residual variance in Eq. (45) to become negligible. As the distribution on the size of the wavefront distortions that are due to turbulence approximately follows Kolmogorov's spectrum, this means that most of the turbulence power is on the previous largest scales aberrations. Removal of the variance due to these largest scales would increase the turbulence coherence diameter r 0 to a great extent. For example, compensating wavefront aberrations up to astigmatism (J ¼ 6) reduces the residual phase variance by a factor of 15 (C J ¼ 0:0648), which is roughly equivalent to increasing the coherence diameter by a factor of 5.
Completion of the statistical description of corrected wavefronts requires consideration of the spatial correlation of phase fluctuations. To consider the detection statistics of receivers employing active modal atmospheric compensation, a modified form of structure function D W ðρÞ would be applied to the compensated wavefront. In a first approach, after modal correction of the first J modes, we may be tempted to consider the standard structure function in Eq. (23) with, according to Eq. (45), a proportionally larger coherence diameter (as noted, aberration compensation up to astigmatism will produce a factor of 5 increase in coherence diameter). Certainly, a more accurate approach to the problem has been described [30] . For modal compensation, when the atmospheric wavefront phase is partially corrected, the residual structure function can be written analogously to the atmospheric phase structure function as [30] 
The function D J ðρÞ, expressed in terms of the mode and cross-mode shape functions of Zernike polynomials [29] in this analysis, describes the compensation for the residual phase structure function after modal correction of the first J modes. Figure 3 shows the effect of atmospheric turbulence and speckle on the performance of Doppler lidars for receivers employing active modal compensation of wavefront phase distortion. We study the mean SNR γ in Fig. 3(a) and the normalized variance σ 2 γ = γ 2 in Fig. 3(b) as a function of the receiver aperture diameter D, the number of speckle modes M, the strength of atmospheric turbulence, and the number of spatial modes J removed by the compensation system. The compensating phases are expansions up to tilt-tilt (J ¼ 3), astigmatism (J ¼ 6), and fifth-order aberrations (J ¼ 20). The no-turbulence case is also shown.
In Fig. 3(a) , the mean SNR γ is considered. The speckle coherence diameter 2ρ S is fixed and equal to the coherence diameter r 0 . No shot averaging is considered; i.e., n ¼ 1. We consider the nonturbulence case by plotting γ ¼ γ 0 =M. We have found that for most typical lidar apertures, wavefront phase fluctuations are the dominant impairment, and compensation of a modest number of modes can reduce performance penalties by several decibels. For instance, when a large normalized aperture D=r 0 ¼ 10 is considered, compensation of just J ¼ 20 modes increases the mean SNR γ by more than 15 dB. Speckle effects are not diminished by the use of phase-compensation techniques.
In Fig. 3(b) , we separately quantified the effects of amplitude fluctuations and wavefront phase distortion on the amount of turbulence fading σ 2 γ = γ 2 . The value of the scintillation index σ 2 β ¼ 1 is kept below the saturation regime. When the turbulence reaches the saturation regime, wavefront distortion becomes so severe that it would be unrealistic to consider phase compensation. We have identified two different regimes of turbulence based on the receiver aperture diameter that has been normalized to the coherence diameter of the wavefront phase. When the normalized aperture diameter is relatively small, amplitude scintillation dominates and, as phase fluctuations have little impact, performance is virtually independent of the number of modes compensated. For small normalized apertures, only when scintillation is excluded are the effects of phase compensation appreciable. For the single shot n ¼ 1 considered in Fig. 3(b) , when no-turbulence is contemplated, the normalized variance is unity. When the normalized aperture is larger, amplitude fluctuations become negligible and phase fluctuations become dominant, so that high-order phase compensation may be needed to improve performance to acceptable levels. In any case, when no-compensation J ¼ 0 is used, the amount of fading introduced by turbulence is important even for apertures as small as the coherence diameter r 0 . However, when J ¼ 20 modes are compensated, the amount of fading introduced by turbulence is a small fraction of speckle fading; thus it can be excluded even for apertures as large as ten times r 0 .
Conclusions
We have focused on elucidating those implications of the atmospheric propagation problem that bear on the design and reliability of lidar coherent systems. We present recent studies on the impact of phase and amplitude fluctuations on Doppler lidars using coherent detection and consider, in a unified framework, the effects of wavefront distortion, amplitude scintillation, and diffuse target speckle on performance, for both passive receivers and those employing active modal compensation of wavefront phase distortion. As the effects ascribed to turbulence and speckle are random and must be quantified, we define a mathematical model for the probability density function of the received coherent signal after its propagation through the atmosphere. In our model, the parameters describing the signal statistics depend on turbulence and target conditions and the degree of modal compensation applied in the receiver. We provide analytical expressions for every key model parameter.
By noting that the impact of atmospheric turbulence on coherent receivers can be compounded with target speckle statistics, we have shown that the probability density function of the lidar return signal is an example from the family of K distributions. Our formulation circumvents the need for a detailed description of the compound speckle and turbulence problem. Such a specification is difficult because of the inherent complexity of the propagation as well as the random distribution of the numerous target scatters. Our statistical model is developed from the fundamental principles of scattering and turbulence. This model results in a three-parameter distribution for the return signal, thereby making it possible to gain information on the physical properties of target and atmospheric turbulence underlying the parameter definitions. In this analysis, we estimate the parameters using a heuristic theory of coherent signals.
We have provided analytical expressions for the signal statistical moments and have used them to study the effect of various parameters on performance, including turbulence level, signal strength, receiver aperture size, speckle effective area, and the extent of compensation. We have separately quantified the effects of amplitude fluctuations and wavefront phase distortion on system performance and have identified different regimes of turbulence, depending on the receiver aperture diameter normalized to the coherence diameter of the wavefront phase. When the normalized aperture is larger, amplitude fluctuations become negligible, and phase fluctuations become dominant. We have found that, for most typical lidar situations, compensation of a modest number of modes can reduce performance penalties by several decibels.
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